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Abstract: Using Effective Field Theory (EFT) methods, we compute the effects of horizon
dissipation on the gravitational interactions of relativistic binary black hole systems. We assume
that the dynamics is perturbative, i.e it admits an expansion in powers of Newton’s constant
(post-Minkowskian, or PM, approximation). As applications, we compute corrections to the
scattering angle in a black hole collision due to dissipative effects to leading PM order, as well
as the post-Newtonian (PN) corrections to the equations of motion of binary black holes in non-
relativistic orbits, which represents the leading order finite size effect in the equations of motion.
The methods developed here are also applicable to the case of more general compact objects,
eg. neutron stars, where the magnitude of the dissipative effects depends on non-gravitational
physics (e.g, the equation of state for nuclear matter).
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1 Introduction
Gravitational wave measurements [1] have the potential to extract information about the internal
dynamics of compact astrophysical objects. For the early stages of a binary inspiral these effects
are relatively small. In particular, conservative finite size (i.e. tidal) effects scale as the fifth power
of the object’s radius, and enter formally at fifth order in the Post-Newtonian (5PN) expansion
for non-relativistic binary dynamics. Although these tidal corrections are known to vanish for
Schwarzschild black holes [2–4], for neutron stars the effects can be somewhat enhanced [5, 6] due
to the fact that the physical radius is larger than the gravitational radius rs = 2GNM .
In this paper we focus on the relatively less well-understood effects of dissipation in binary
dynamics. For the case of black hole binaries, this source of dissipation is the horizon itself,
which absorbs energy-momentum as well as spin, and has a non-trivial effect on gravitational
wave observables. For non-spinning black holes, these effects were first studied in [7, 8] for the
case of a point mass in circular orbit around a much heavier black hole, and extended in [9] to
study the effects of horizon dissipation for the motion of a small black hole in a fixed background
spacetime whose curvature exceeds the Schwarzschild radius rs. More generally, one should
expect absorptive effects due to the presence of low-lying internal modes (e.g. hydrodynamic
fluctuations) that get excited during the evolution of the binary.
In ref. [10], we used the effective field theory formalism developed in [11, 12], to include such
dissipative effects in binary dynamics in a model independent fashion, by “integrating back in” the
gapless degrees of freedom that are responsible for the dissipation (for the case of spinning object
see [13]). Technically this is accomplished by fibering the worldline of the compact object with the
Hilbert space1 of the underlying degrees of freedom. In the long distance, derivative, expansion
we write down all possible couplings of the gravitational field to a collection of operators in a way
1Since the formalism is quantum mechanical, it can also be used to capture the effects of Hawking radiation in
the dynamics of interacting black holes. See [14].
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which is constrained by diffeomorphism invariance. The effect of these degrees of freedom on the
equations of motion of the binary are then given in terms of the correlation functions of these
operators, which can be extracted from low energy processes (graviton absorption and emission)
in the single body sector.
The original treatment in ref. [10] was based on the standard Dyson time-ordered formalism
appropriate for the computation of S-matrix elements, and is therefore limited to capturing the
effects of dissipation on time averaged observables, e.g. the power loss into internal degrees of
freedom averaged over many orbital cycles. In this paper, we extend the framework to include
real time dynamics, in particular how absorption enters into the time evolution of the orbital
motion, focusing here on the case of non-spinning black holes (the case of spin will be presented in
forthcoming work). To do this, we adopt the approach of ref. [15], which employed the Schwinger-
Keldysh closed time path, or “In-In”, formalism [16, 17] in order to describe leading order PN
radiation reaction effects [18] in the context of EFT.
In sec. 2, we summarize our EFT setup. To illustrate the formalism, we compute the dissipa-
tive forces on a small Schwarzschild black hole that propagates in a fixed background gravitational
field. Given that the conservative part of the black hole quadrupolar response vanishes at zero
frequency, our result captures the leading order deviation from geodesic motion due to horizon
effects. The result given in Eq. (2.17), has not appeared previously in the literature. However, it
is consistent with results found in [9] upon time averaging over the black hole’s worldline.
In sec. 3, we generalize to horizon absorption in gravitational dynamics of comparable mass
black holes, in both PM and PN limits. First, we consider large impact parameter inelastic
scattering2 of two relativistic black holes induced by horizon absorption,neglecting the emission
of gravitational radiation. This is partly motivated by recent developements connecting classical
PM scattering in general relativity (see e.g. [20–33]), the Effective One Body (EOB) [34] approach
used to model the intermediate stages of the binary inspiral, and modern scattering amplitude
approaches to classical gravitational scattering, see e.g. [35–48]. Specifically, in sec. 3.1, we
obtain, for fixed initial data, the inelastic corrections to the PM momentum deflection during the
collisions, and use this result to determine the corrections to the CM frame scattering angle (an
8PM effect), as well as the differential distribution (cross section) of final black hole masses in
inelastic collisions. The inelastic PM corrections we obtain are not easily accessible to scattering
amplitude methods (based on an underlying unitary S-matrix description of point particles) and
it would be interesting to incorporate our results in sec. 3.1 into the EOB formalism, as has been
recently discussed in refs. [23, 25, 26, 28, 32, 33] in the context of elastic scattering.
In sec. 3.2 we compute, as a second application, the PN corrections to the equations of motion
of a binary black hole system. The resulting contribution to the gravitational force on each object,
which is time-reversal odd, acts as a damping term at 6.5PN order, and is analogous to the Burke-
Thorne [18] 2.5PN potential induced by gravitational radiation reaction. It represents the leading
order finite size effect on the equations of motion for PN black hole binaries.
Even though in this paper our focus is the inelastic dynamics of black holes, our methods can
be straightforwardly generalized to the case of dissipation for binary inspirals of other compact
2The complementary case of inelastic quantum mechanical scattering off a black hole is discussed in [19].
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objects. We briefly comment on the magnitude of such effects and outline other extensions of the
work presented here in sec. 4.
2 In-In formalism for black hole dissipative forces
In this section, we consider how internal dissipative processes affect the orbital motion of a
compact object moving through a fixed background spacetime. Although the methods we discuss
in this section can be used to treat a generic compact object that carries internal degrees of
freedom, we will focus on the case of a small (non-spinning) black hole moving through a fixed
background spacetime. We will generalize to the case of dynamical spacetimes (black holes
binaries) in the next section.
We work in the limit rs  R in which the horizon’s radius rs = 2GNM is much smaller
than the typical length scale R over which the background metric varies (the curvature radius).
In this case, the black hole may be described as an effective worldline, with finite size effects
encapsulated by local, curvature dependent terms in a generalized point-particle Lagrangian.
In order to account for dissipative effects while retaining a point particle description, we use
the formalism introduced in [10]. In this approach, dissipation of long wavelength gravitational
energy by the compact object is attributed to the existence of gapless modes localized on the
worldline which absorb energy as well as linear and angular momentum from the external envi-
ronment. Regardless of their microscopic origin, as we showed [10], these modes can be integrated
back in in a model independent fashion in order to systematically account for dissipative effects
of gravitationally interacting compact objects.
In the absence of dissipative or finite size effects, the point particle action is
Spp = −
∫
dxµpµ +
1
2
∫
dλe
(
gµνpµpν −m2
)
(2.1)
We find it convenient to express the theory in Hamiltonian form, so that in addition to the
trajectory xµ(λ), we also introduce its conjugate momentum variable pµ = −δSpp/δx˙µ. The
“einbein” e(λ) enforces worldline reparameterization invariance λ 7→ λ′(λ), e′(λ′)dλ′ = e(λ)dλ,
so that the variable s, defined by
ds = e(λ)dλ, (2.2)
is invariant under reparameterizations. Varying the action with respect to the the kinematic
variables χ(λ) = (xµ, pµ), leads to the equations p
µ = dxµ/ds, dpµ/ds =
1
2∂µgρσp
ρpσ, which
together with the on-shell constraint p2 = m2 resulting from the variation of the einbein are
equivalent to the usual geodesic equation for the trajectory xµ(λ).
To include dissipation, we now introduce a set of internal worldline degrees of freedom, which
we generically label as X(λ) with reparametrization invariant action
SX =
∫
dλeLX(X, e
−1X˙)−
∫
dλeQEµν(X, e)E
µν(x, p)−
∫
dλeQBµν(X, e)B
µν(x, p) + · · · . (2.3)
Here LX is some microscopic Lagrangian for the internal modes, whose form we will not need to
know in order to obtain our results. We have also explicitly written down the interaction of these
modes with an external gravitational field, to leading order in gradients of the spacetime metric,
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via the introduction of dynamical moments QEµν and Q
B
µν , which are ‘composite operators’ built
out of the variables X(λ), e(λ) in some unspecified way. They couple to the electric and magnetic
components of the Weyl tensor Wµνρσ,
Eµν = Wµρνσ
pρpσ
p2
, (2.4)
Bµν = W˜µρνσ
pρpσ
p2
=
1
2
µρλγW
ρλ
νσ
pγpσ
p2
. (2.5)
Note that we have not included any explicit couplings of X(λ) to the Ricci curvature, as these can
be removed by field redefinitions of the spacetime metric and therefore have no physical content.
For the same reason, only the traceless, transverse to pµ components of the tensors QE,Bµν couple
to the external field. The full dynamics of the compact object coupled to gravity is then encoded
in the sum S = Spp(χ, e) + SX(X, e).
The objective now is to determine how the internal modes X affect the time evolution of
xµ, pµ. We will treat the modes X quantum mechanically, and since we are interested in real
time dynamics, the correct formulation is the In-In (or Schwinger-Keldysh) closed time path
integral [16, 17]. In this approach, we integrate out X from a path integral with doubled variables,
exp [iΓ[χ, e; χ˜, e˜]] =
∫
DXDX˜ exp
[
iS[χ,X, e]− iS[χ˜, X˜, e˜]
]
(2.6)
to obtain a functional Γ[χ, e; χ˜, e˜] (the In-In effective action) whose variation yields the classical
motion of the kinematic variables χ = (x, p),
δ
δχ(λ)
Γ[χ, e; χ˜, e˜]
∣∣∣∣
χ˜,e˜=χ,e
= 0. (2.7)
Note that by construction, the In-In action vanishes when we set χ˜ = χ, e˜ = e.
The variation with respect to the einbein e(λ) generates a mass shell condition relating the
invariant mass p2 = gµνp
µpν to the internal degrees of freedom,
p2 = m2 + 2〈HX +Hint〉. (2.8)
This equation reflects the transfer of energy between the kinematic (orbital) modes and the
internal degrees of freedom X as the object propagates through a tidal environment. Here,
〈· · · 〉 denotes a quantum expectation value in the initial state of the internal modes X(λ), and
correspond to the In-In path integral expression
〈O[X]〉 =
∫
DXDX˜eiS[χ,e,X]−iS[χ,eX˜]O[X] (2.9)
for any composite operator O. In general, this expectation value depends on the worldline
variables (x, p, e) as well as any other external fields that couple to the particle. The internal
Hamiltonian in the absence of interaction is
HX = − δ
δe
∫
dλeLX(X, e
−1X˙) = X˙
∂LX
∂X˙
− LX , (2.10)
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while the tidal coupling gives
Hint =
δ
δe
∫
dλe
(
QEµνE
µν +QBµνB
µν
)
. (2.11)
Below, we will use this formalism to calculate the effects of dissipation on the dynamics of
gravitationally interacting compact objects, focusing on the case of Schwarzschild black holes.
First, consider as a simplifying case a small black hole propagating in a fixed background gµν
whose curvature scale R is much larger than the Schwarzschild radius. Varying the In-In action
in this background with respect to xµ then yields the equation
D
Ds
pµ ≡ dx
ρ
ds
∇ρpµ = 〈QEρσ〉∇µEρσ + 〈QBρσ〉∇µBρσ, (2.12)
(this variation is done most conveniently in Gauss normal coordinates centered on the worldline,
i.e. ∂σgµν(x(λ)) = 0, and then covariantizing to obtain a result valid in any frame). Using the
general properties of the Schwinger-Keldysh generating function, the tidal moments (expectation
values) 〈QE,Bρσ (s)〉 induced by the background curvature are given, in the linearized approximation,
by
〈QEµν(s)〉 =
∫
ds′GE;retµν;ρσ(s− s′)Eρσ(x(s′)) +O(E2), (2.13)
and similarly for 〈QBµν〉, where the retarded Green’s function of the operator QE/Bµν is defined by
GE/B;retµν,ρσ (s− s′) = −iθ(s− s′)〈[QE/Bµν (s), QE/Bρσ (s′)]〉, (2.14)
and the expectation value is calculated at zero external field, Eµν = Bµν = 0. Thus Eq. (2.12)
describes the motion of a general compact object (not necessarily a black hole), in the limit of
small radius, in terms of the response functions of moment operators. These response functions
in turn depend on the microphysics which describes the internal dynamics of the compact body.
At present we have no microscopic theory of these correlators, though we do know that they are
constrained by sum rules [49, 50].
If the internal dynamics is fast compared to the time scale of the tidal perturbation, the
frequency space response functions will be a polynomial, with coefficients that depend on the
internal structure of the compact object. This is equivalent to the statement that the corre-
lation functions die off exponentially fast at late times. In [10], we showed that the first two
terms in the low-frequency expansion of the retarded Green’s function are related respectively
to the object’s tidal Love number and graviton absorption cross section. The former/latter is
conservative/dissipative and related to the real/imaginary part of the frequency-space retarded
Green’s function. For our present purposes we are only interested in the retarded propagator for
a non-spinning (Schwarzschild) black hole, for which the vanishing of the static response [2–4]
together with the results of [10] fixes the response to be of the form
〈QEµν(s)〉 =
r6s
180GN
(
Pµ
ρPν
σ − 1
3
PµνP
ρσ
)
E˙ρσ(x(s)) + · · · , (2.15)
〈QBµν(s)〉 =
r6s
180GN
(
Pµ
ρPν
σ − 1
3
PµνP
ρσ
)
B˙ρσ(x(s)) + · · · , (2.16)
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where Pµν = δ
µ
ν − pµpν/p2, E˙µν = dxρds ∇ρEµν , B˙µν = dx
ρ
ds ∇ρBµν , and terms with more time
derivatives or more powers of curvature have been dropped. The factors of the projection tensor
Pµν ensure that the expectation values are purely spatial and traceless in the rest frame of the
black hole, so that that the response is purely quadrupolar. Inserting these expectation values into
Eq. (2.12), the motion of a Schwarzschild black hole in a slowly varying background gravitational
field becomes
D
Ds
pµ ≈ r
6
s
180GN
[
E˙ρσ∇µEρσ + B˙ρσ∇µBρσ
]
. (2.17)
The right hand side is odd under time reversal s → −s as is characteristic of dissipative forces.
For example, using this result, we can calculate the rate of change of the black hole’s mass as it
moves through the tidal background,
M˙ =
1
M
p · D
Ds
p ≈ 16
45
(G5NM
6)
(
E˙µνE˙
µν + B˙µνB˙
µν
)
. (2.18)
This is consistent with results obtained in [9] for the rate 〈M˙〉 averaged over the motion of the
black hole.
3 Horizon dissipation in dynamical gravity
The same worldline effective action formalism can also be applied to dissipation in dynamically
generated spacetimes, i.e sourced by the compact objects, rather than the fixed background field
case discussed above. In order to do so, we have to include in the In-In functional an integral over
the fluctuations3 of the gravitational field generated by the black hole sources. In our applications
below we will consider a binary system of black holes in two distinct kinematic regimes. First, we
will work out the effects of dissipation in the relativistic collision of two black holes at large impact
parameter b rs, so that the system is amenable to a post-Minkowskian (PM) expansion. As a
second example, we will consider non-relativistic binaries and use our formalism to calculate the
real-time (rather than time averaged) dissipative dynamics of a pair of comparable mass black
holes in post-Newtonian (PN) orbits.
In both of these examples, we ignore the emission of on-shell gravitons. Since the typical
impact parameters and/or orbital distances are large compared to the internal scale rs, the
interactions between the black holes are mediated by purely “potential” graviton modes [11] that
do not go on-shell. Thus, it is convenient to first integrate out these modes in order to obtain a
(non-local in x) two-particle Lagrangian which can then be fed into the In-In generating function.
At leading order in a formal GN expansion, this yields a two-particle Lagrangian of the form
S[χα, eα, Xα] =
2∑
α=1
Spp,α + Sint, (3.1)
where Spp,α is defined in (2.1), and the second term Sint is the interaction that is generated by
integrating out potential graviton exchange. As in the previous section, χα = (xα, pα).
3The role of the In-In formalism to describe radiation reaction forces was first discussed in [15].
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(a)
Figure 1. Potential exchange diagrams that contribute to the two-particle action Sint. In (a) the particles
interact through the minimal gravitational interaction. Figure (b) is the term in Sint generated by the
quadrupole couplings of particle 1 (a similar diagram with 1↔ 2 has been omitted).
To integrate out the potential graviton modes, we fix deDonder gauge in which the graviton
propagator has the form Dµν,αβ(x) = Pµν,αβD(x), where Pµν,αβ =
1
2 [ηµαηνβ + ηµβηνα − ηµνηαβ]
and
D(x) =
∫
d4k
(2pi)4
eik·x
i
k2
(3.2)
is the massless propagator. The i prescription is not specified since we are in a kinematic regime
in which the exchanged graviton is off-shell (the effects of radiation are higher order in the PM
or PN power counting). Then to leading order in powers of GN the gravitational interaction
(neglecting internal structure) is given by Fig. 1(a),
Sint = 8piiGN
∫
ds1ds2
[
(p1 · p2)2 − 1
2
p21p
2
2
]
D(x12) + · · · . (3.3)
Here and in what follows we drop UV power-divergent self-interaction diagrams in which potential
gravitons are emitted and re-absorbed by the same particle. Such divergences may be absorbed
into the coefficients of local terms in the point particle action.
The internal dynamics mediated by the quadrupole operators generates an additional contri-
bution to Sint, which to leading order in GN is given by the Feynman diagrams in Fig. 1(b) and
takes the form
Sint = · · ·+ 8piiGN
∑
α=1,2
∫
ds1ds2
[
QE,αµν (sα)TE,α
µν,ρσ +QB,αµν (sα)TB,α
µν,ρσ
]
∂ρ∂σD(x12) + · · ·
(3.4)
where we define
TE,1
µν,ρσ =
1
2p21
[
− (2(p1 · p2)2 − p21p22) ηµ(ρησ)ν + p22 (ηµνpρ1pσ1 − 2p(µ1 ην)(ρpσ)1 )
+4(p1 · p2)p(ρ1 ησ)(µpν)2 − 2pµ2pν2pρ1pσ1
]
, (3.5)
TB,1
µν,ρσ =
1
2p21
[
(p1 · p2)
(
µ(ρησ)ν + (µ→ ν)
)
− 2p(µ2 ν)(ρpσ)1
]
(3.6)
with µν = µνρσp
ρ
1p
σ
2 . TE,2
µν,ρσ and TB,2
µν,ρσ are similarly defined by exchanging p1 ↔ p2 in these
equations. Note that all variables appearing in Eqs. (3.4), (3.5), (3.6) have arbitrary dependence
on the worldline parameters s1,2. For example, x
µ
1 = x
µ
1 (s1), p
µ
1 = p
µ
1 (s1), etc.. Finally, we are
ignoring spin, so there is no distinction between global (flat space) indices and local indices in
these expressions.
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3.1 Inelastic BH-BH scattering in the PM approximation
We consider first the inelastic collision 1 + 2 → 1∗ + 2∗ of two black holes with no gravitational
radiation produced in the final state. For the initial configuration, we take a pair of black holes
with asymptotic worldlines xµα=1,2(s → −∞) = pµαs + bµα. Without loss of generality, the impact
parameter bµ = bµ1 − bµ2 can be taken to be orthogonal to the initial momenta, p1,2 · b = 0, and
spacelike, with magnitude squared bµb
µ = −b2 < 0. We work in the Post-Minkowskian limit
GNE/b 1, where E is the typical energy in the scattering process.
In the inelastic scattering process, the final state black holes 1∗ and 2∗ have invariant masses
m1∗,2∗ which differ from those of the initial states, with mass m1,2. We therefore split up the
momentum transfer to a given black hole into elastic and inelastic parts,
∆pµ = ∆pµel + ∆p
µ
in. (3.7)
The term ∆pµel corresponds to the momentum transfer neglecting dissipative finite size effects, but
including in principle all-orders PM corrections due to potential graviton exchange and radiation
reaction. Such effects do not change the invariant mass of the asymptotic black hole states and
therefore ∆pµel obeys a constraint (p + ∆pel)
2 = p2. In the PM approximation, we expect that
the inelastic part ∆pµin  ∆pµel, so that the change in the black hole masses is ∆m2 ≈ 2p ·∆pin.
The total deflection in the four-momentum of each black hole caused by the collision is related
to the In-In action by4
∆pµ,α =
∫
ds
d
ds
pµ,α(s) =
∫
ds
δ
δxµα(s)
S0,α = −
∫
ds
〈
δ
δxµα(s)
Sint[χ,X]
〉
. (3.8)
As a warm up exercise, consider the case of elastic scattering at leading order in GN . From
Eq. (3.3), we have∫
ds
〈
δ
δxµ1(s)
Sint
〉
= 8piiGN
∫
ds1ds2
[
(p1 · p2)2 − 1
2
p21p
2
2
]
∂
∂xµ1
D(x12). (3.9)
To leading order in perturbation theory, we may take the momenta on the LHS to be constants,
and the trajectories x1,2 to be undeflected free particle paths. Thus,∫
ds1ds2
∂
∂xµ1
D(x12) =
∂
∂bµ
∫
ds1ds2D(x12) (3.10)
and using the integral∫
ds1ds2D(x12) =
∫
d4k
(2pi)4
(2pi)δ(k·p1)(2pi)δ(k·p2)e
−ik·b
k2
=
i
4pi
1√
(p1 · p2)2 − p21p22
ln
(−µ2IRbµbµ) ,
(3.11)
(we have introduced an arbitrary infrared cutoff µIR to make sense of the divergent momentum
integral) we recover the standard result [20, 21]
∆pµ1 = −∆pµ2 = −
4GNm1m2
b2
(v1 · v2)2 − 12√
(v1 · v2)2 − 1
bµ, (3.12)
4We denote
∫
ds =
∫∞
−∞ ds.
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written in terms of the initial four-velocities, vµ = pµ/
√
p2.
The inelastic part of the momentum deflection involves the expectation value of the multipole
operators,
∆pµ1,in = −8piiGN
∑
α=1,2
∫
ds1ds2
[
〈QE,αλν (sα)〉TE,αλν,ρσ + 〈QB,αλν (sα)〉TB,αλν,ρσ
] ∂
∂xµ1
∂ρ∂σD(x12).
Here, the expectation values are the moments induced by the tidal interactions between the
sources given in Eq. (3.4). In the linear response approximation, these can be read off Eq. (2.13).
For instance, 〈
QµνE1(s)
〉
=
∫
ds1GE1,ret
µν,ρσ(s− s1)
[
−8piiGNTµν,ρσE,1 ∂ρ∂σD(x12)
]
, (3.13)
where the part inside the square brackets represents the linearized tidal electric field produced
by black hole 2. Using the retarded Green’s function from Eq. (2.15), we have〈
QµνE1(s)
〉 ≈ −32G6Np41
45
[
Tµν,ρσE,1
d
ds
Iρσ(p1s+ b, p2)
]
TT,1
, (3.14)
and 〈
QµνE2(s)
〉 ≈ −32G6Np42
45
[
Tµν,ρσE,2
d
ds
Iρσ(p2s− b, p1)
]
TT,2
, (3.15)
and similarly, using Eq. (2.16), the magnetic expectation values take the same form. In these
expressions TT, α = 1, 2 denotes the transverse to pα traceless projection of the tensor defined in
Eqs. (2.15) (2.16). We have also used the result∫
dsD(x− ps) = − i
4pi
1√
(p · x)2 − x2p2 (3.16)
and defined the tensor
Iµ1···µn(x, p) =
∂
∂xµ1
· · · ∂
∂xµn
1√
(p · x)2 − x2p2 . (3.17)
Using these intermediate results, the momentum transfer can be written as an integral over
a single worldline parameter,
∆pµ1,in = −2GN
∫
dsIµλν(p1s+ b, p2)
[
T ρσ,λνE,1 〈QE1,ρσ(s)〉+ T ρσ,λνB,1 〈QB1,ρσ(s)〉
− (p1 ↔ p2, bµ ↔ −bµ)] (3.18)
The first two terms in this equation correspond to the self-force induced by the dynamical mo-
ments of particle 1 on its own motion, while the second line gives the transfer of particle 1
energy-momentum into the internal degrees of freedom of the second black hole. We have per-
formed the tensor contractions using FeynCalc [51], while the parameter integration reduces to
elementary integrals of the form∫
ds
sn
[s2 + 1]m
=
1 + (−1)n
2
· Γ
(
n+1
2
)
Γ
(
m− n+12
)
Γ(m)
. (3.19)
– 9 –
The result is then ∆pµ2,in = −∆pµ1,in, where
∆pµ1,in = −
5pi
32
G7Nm
4
1m
4
2
b7
[
21(v1 · v2)4 − 14(v1 · v2)2 + 9√
(v1 · v2)2 − 1
+ 7(1 + 3(v1 · v2)2)
√
(v1 · v2)2 − 1
] [m21
m22
(v1 − (v1 · v2)v2)µ − (1↔ 2)
]
= −5pi
16
G7Nm
4
1m
4
2
b7
P (v1 · v2)√
(v1 · v2)2 − 1
[
m21
m22
(v1 − (v1 · v2)v2)µ − (1↔ 2)
]
, (3.20)
with P (γ) = 21γ4 − 14γ2 + 1. In the first equality we have split up the result into an electric
contribution on the first line and the magnetic part on the second, while in the second equality
we present the combined result. As a simple non-trivial check of this formula, we find that the
change in the invariant mass of the black hole as a result of the collision
∆p21 ≈ 2p1 ·∆p1,in =
5pi
16
G7Nm
7
1m
2
2
(b2)7/2
P (γ)
√
γ2 − 1 > 0 (3.21)
is positive over the entire kinematic range γ = v1 · v2 ≥ 1, and likewise ∆m22 > 0. Given that the
change in entropy (horizon area) of a pair of black holes that scatter in from and out to infinity
is simply ∆S = 4piGN
(
∆m21 + ∆m
2
2
)
> 0, our result is found to be consistent with Hawking’s
area theorem [52].
Similarly, we can compute the differential distribution of final state black hole masses in
the scattering process 1 + 2 → 1∗ + 2∗. In the point-particle approximation (i.e. neglecting
tidal dissipation at the horizon), the masses of the colliding black holes are unchanged to any
order in PM perturbation theory, m∗1,2 = m1,2, even including the effects of radiation emission or
backreaction. The leading order cross section dσ/d∆m21, with ∆m
2
1 = m
2
1∗ −m21  m21,2 instead
follows from Eq. (3.21). For instance, in the high energy limit γ  1, this observable takes the
form5
dσ
d∆m21
= 2pi
∣∣∣∣b ∂b∂∆m21
∣∣∣∣ ≈ [225pi933614
]1/7
(GNm1)
2γ10/7m
4/7
2 (∆m
2
1)
−9/7, (3.22)
up to fractional errors of order (∆m21/m
2
1,2)
1/7  1. The overall numerical factor and the non-
analytic dependence on the kinematic quantities γ,∆m2 are non-trivial predictions of classical
GR which could in principle be tested against numerical simulations of black hole collisions at
finite impact parameter.
Our result in Eq. (3.20) can also be used to calculate dissipative effects in PM scattering.
A quantity that has received attention in the recent literature [23, 25, 26, 28, 32, 33], due to its
connection with the EOB framework [34] for parameterizing gravitational wave templates, is the
5Equivalently, in terms of the horizon area (in the asymptotic rest frame of each black hole) A = 16pi(GNm)
2,
the distribution reads 1
A 1
· dσ
d log ∆A1
≈ 1
7
[
(105pi)2
229
]1/7
γ10/7
[
A2
∆A1
]2/7
, up to corrections whose relative size is of order
(∆A/A)1/7. The differential distribution in terms of geometric quantites is independent of GN , as expected given
that we are dealing with solutions of the vacuum Einstein equations Rµν = 0.
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scattering angle χ(s, b) defined in the center-of-mass frame ~p ≡ ~p1 = −~p2. Our result in Eq. (3.20)
then contributes an amount6
∆χin
χ1PM
=
5pi
16
(
GNm1m2
J
)7
P (γ(sˆ))
[
1
m31
+
1
m32
+ γ(sˆ)
(
m51 +m
5
2
m41m
4
2
)] |~p|6√
sˆ
(3.23)
relative to the leading order result χ1PM (sˆ, b) resulting from Eq. (3.12).
3.2 Post-Newtonian equations of motion for binary dynamics
As a second application, we compute the damping forces due to the presence of the horizon
in the case of a binary black hole in a non-relativistic orbit. For non-relativistic particles, we
have D(x) ≈ − i4pi|~x|δ(x0), and the two-particle interaction term in Eq. (3.4) is dominated by the
electric tidal interaction, which reduces to
Sint ≈ −GNm1m2
∫
dt
(
QijE,1(t)
m21
+
QijE,2(t)
m22
)
∂i∂j
1
|~x(t)| , (3.24)
with ~x = ~x1 − ~x2, up to terms suppressed by more power of the velocities. Varying the In-In
action, we obtain in the linear response limit, an instantaneous non-conservative force on the
black holes that is given by,
~F1(t) =
δ
δ~x1(t)
Γ[~x, ~˜x]
∣∣∣
~x=~˜x
= −GNm1m2
〈
QjkE,1(t)
m21
+
QjkE,2(t)
m22
〉
∇∂j∂k 1|~x(t)| = −
~F2(t),
(3.25)
with ~x = ~x1 − ~x2. The In-In expectation values in the relativistic limit can be obtained from
Eq. (3.13),
〈QijE,1〉(t) =
16
45
G6Nm
7
1m2
d
dt
∂i∂j |~x(t)|−1, (3.26)
(3.27)
and similarly for 〈QijE,2〉(t). The force can then be expressed as
~F1(t) = −~F2(t) = −32
5
G7N (m1m2)
2(m41 +m
4
2)
|~x|8
[
~v +
2~v · ~x12
|~x|2 ~x
]
, (3.28)
where and ~v = ddt~x is the relative velocity. This friction force is a 6.5PN effect, analogous to the
Burke-Thorne [18] potential which encapsulates leading order radiation reaction effects on the
orbits, arising at 2.5PN order.
As a simple example of this result, we compute the instantaneous (as opposed to time aver-
aged) mechanical power in a binary that is converted into mass by the horizons of the two black
holes (M = m1 +m2, µ = m1m2/M)
d
dt
Eh =
2∑
α=1
~vα · ~Fα = −32
5
G−1N
(
GNM
|~x|
)8 ( µ
M
)2(
1− 4µ
M
+
2µ2
M2
)[
~v2 +
2(~v · ~x)2
|~x|2
]
, (3.29)
6Note that in terms of the CM energy ECM =
√
sˆ, we have γ(sˆ) = (sˆ2 −m21 −m22)
/
m1m2, and CM frame
momentum |~p| = m1m2
√
γ2 − 1/√sˆ. The and orbital angular momentum in the CM frame is J = |~p|b.
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which agrees with and generalizes the result of [7, 8] valid in the limit µ  M where black hole
perturbation theory holds. Similarly, the decay of the CM frame orbital angular momentum is
given by
d
dt
~LCM =
2∑
α=1
~vα × ~Fα = 64
5
G7NµM
6
(
1− 4µ
M
+
2µ2
M2
)
~v · ~x
|~x|10
~LCM . (3.30)
4 Conclusions
The inelastic dynamics of compact astrophysical objects are of particular interest due to their
dependence on the internal structure of the body. In general this internal structure depends on
non-gravitational physics (e.g. equation of state), but in the case of a black hole it is possible
to calculate in a model independent way, as the vacuum Einstein equations are sufficient to
determine all of the dynamics. In this paper we have calculated the effects of dissipation on the
instantaneous equations of motion for black hole binary systems in the PN and PM limits. In
particular, we have extended our results in [10], where only the time averaged dissipation was
discussed7. These results complement the calculations in [33, 48] for the PM scattering angle
resulting from conservative finite size effects.
In order to treat dissipation in the case of more general compact objects, the only modi-
fications needed to the calculations presented in this paper are the retarded correlators which
we define in Eqs. (2.15), (2.16). On general grounds, in the frequency domain, the imaginary
part (i.e. the part responsible for absorption) of these response functions would still be linear
at small frequency, but with a numerical coefficient that differs from the one for black holes.
If this coefficient scales with radius in the same way as for black holes, as R6/GN , this could
yield an enhancement of dissipative effects relative to naive PN power counting, similar to the
enhancement of conservative tidal effects discussed in [5, 6]. One would also expect enhanced
dissipation for maximally rotating black holes, analogous to the enhancement from 4PN to 2.5PN
for the energy loss in extreme mass ratio black hole inspirals found in [7, 8] (which is, ultimately,
a consequence of superradiance [53], as discussed in [13, 54]). We hope to explore some of these
directions in future work.
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